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PHUONG PHAP PHAN CHUNG TRONG AP DUNG

Bui Thi Thu Dung
Gido vién Truong THCS Van Lang - Phu Tho

1 Méb dau

Pinh nghia1.1. Gidst Sy, Sy,...,S,, T la mot day hiru han cac cong thirc ctia cung cac bién
p, q,..., r. Néu tat cdc cac bd gia tri ctia p, ¢,..., rlam cho Sy, Sy, ,..., S, nhan gia tri 1
cing dong thai 1am cho T nhan gid tri 1 thi ta néi rang c6 mot quy tac suy luan tir cac tién
déSy, Sy, ,..., SutoiT. Quy tac suy luan d6 dugc ki hiéu boi

Sl/ SZ/--'/ Sn
T .

Tinh chat 1.1 (Céc quy tac suy luan thuong géap).
+ Quy tac két luan: p 1
¢ 14 A P=q,9=7
+ Quy tac bac cau: oo
P= @A) (), 47T (o)
p

+ Quy tac suy luan phan ching;:

Nhan xét 1.1. Quy tac (1) chi ra: "Néu tir phii dinh ménh dé p suy ra dugc hai ménh dé phil dinh
nhau q va g thi ta cé p la ménh dé ding”.

Nhan xét 1.2. Quy tac (2) néi rang: "Gid sir ménh dé q la mot ménh dé ding, néu tir phii dinh cia
ménh dé p suy ra dugc ménh dé phil dinh ciia q thi ménh dé p diing".

2 Phuong phap chiung minh phan chung

Phuong phap ching minh phan chiing la phuong phap ching minh gian tlep, cO sO cla
phuong phap nay 1a quy tac suy luan phan chung Mudn chu(ng minh ménh dé p, ta gia su
p sai, nghia 1a gia st p ding. Xuat phat tir gia thiét p ding, 4p dung cac quy tac suy luan ta
duoc hai ménh dé mau thuan nhau (g A g = 0) hodc mau thuan véi gia thiét. Diéu d6 ching
t6 gia thiét p dung la sai, nghia 1a ménh dé p phai dung.
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3 Moétsé ap dung

Bai viét trinh bay mot s bai todn vé sb nguyén t6, s6 chinh phuong, quan hé chia hét,
chitng minh bat dang thitc ¢6 stt dung phuong phap chirng minh phan ching.

Bai toan 3.1. Chiing minh rang tap cac sd nguyén t6 P 1a tap vo han.

Loi gidi. Gia su P la tap hiru han, P = {p1, pa,..., pa} trong do p; (i = 1; n) 1a cac s6
nguyén to va p, 1a s6 nguyén t6 16n nhét.

Xét p = Pip2---pn LDopipa...pnipi (i =1 1; n) ma 1 khong chia hét cho bat ki
pi(i=1; 1; n) nao nén p khong chia hét cho bat ki pi, (i=1 n) nao. Vi p khong chia hét cho
bat ki s0 nguyen t6 nao nho6 hon né do d6 p la s6 nguyén tb, ma p > p, (mau thuan vdéi p,
1a s6 nguyén t6 16n nhat).

Bai toan 3.2. Chiing minh rang: néu 7 1a s6 tu nhién 16n hon 1, a 1a u6c nhoé nhét khac 1 cta
n thi a 1a s6 nguyén to.

Loi gidi. Gia str a khong 1a s6 nguyén t6, theo dinh nghia s6 nguyén t6 va vi a khong la s6
nguyén t0, a # 1 nén a phai c6 it nhat mot udc b khac 1 va khac 4, hay 1 < b < a. Mt khéc
a la udc ctia 1 nén b ciing la wéc cta n. Do d6, a khong phai 1a udc nhoé nhét cta 7. (mau
thudn gia thiét). Vay diéu gia st 1a sai hay a 1a s6 nguyén t6.

Bai toan 3.3. Cho s6 nguyén duong n > 1 thda man diéu kién 2" + 1 1a s6 nguyén t6. Ching
minh rang n = 2, véi k 1a s6 nguyén duong.

Loi gidi. Gia st n khong phai la 1iy thira ctia co s6 2. Khi phan tich 7 ra thira s nguyén t6,
ta c6 thé viét n = 2¥p véi p 1a s6 nguyén duong 18 1én hon 1.

p
Tac62" +1 =227 1= (22"> F1.Pata=2% = 2141 =aP 1.
Vi p 1a s6 nguyén duong 1é nén a” + 1 chia hét choa+1, mal < a+1 < a? + 1 nén

a? +11a hgp s6, mau thuan gia thiét. Vay n 1a lay thira cta 2 hay n = 2F véi k 1a s6 nguyén
duong.

Nhan xét 3.1. Cac s6 F, = 22" +1, n € N duogc goi 1a sé6 Fermat. Tir ching minh trén
chi ra rang néu n la sb nguyén duong thi diéu kién can dé s6 2" + 1 la sb nguyén t6 la n
phai ¢6 dang 2*. Tuy nhién diéu ngugc lai khong ding, Euler da chira F5 = 22’ 41 ¢6 ude
nguyén t6 1a 641. Euler cling chiing minh dugc ude nguyén t6 cta F, = 22" + 1 phai ¢6 dang
22 41, t € N*.

Bai toan 3.4. Cho cac sb nguyén a, b, ¢ théa man a? + b*> = c?. Ching minh rang abc chia
hét cho 6.

Loi gidi.
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+ Ta sé ching minh abc chia hét cho 2. Gia st abc khong chia hét cho 2, thé thi ba sb
a, b, c déu la sb 1é. Khi d6 a® + b? 1a s6 chan, ma c? 1a s6 1, suy ra a® + b?> # c?, mau thudn
gia thiét. Vay diéu gia s trén la sai, vy abc chia hét cho 2.
+ Ta sé chiing minh abe chia hét cho 3. Gia stt abc khong chia hét cho 3, suy racabasba, b, ¢
déu khong chia hét cho 3, khi d6 4, b, c chi nhan mot trong hai dang 1a 3k — 1, 3k +1 (k € IN).
Lai vi (3k — 1)? va (3k + 1)? déu chia 3 du 1, nén a? + b? chia 3 du 2, con ¢? chia 3 du 1, suy
ra a? + b? # ¢, mau thuan gia thiét. Vay abc chia hét cho 3.
Vi UCLN(2; 3) = 1, nén ta c6 abc chia hét cho 6.

Bai toan 3.5 (Dé thi TS chuyén Dai hoc Su pham nam 2013). V&i mdi ) nguyén duong n, ki
hiéu S, 1a téng ctia n sO nguyén t6 dau tién (S; =2, S, =2+3, S3 =2+3+5,...). Ching
minh rang trong day sb S;, Sy, ... khong ton tai hai sb hang lién tiép déu 1a cac s chinh
phuong.

Loi gidi. Kihiéu p, 1a s nguyén t6 thu n.
Gidsatontaim € N*masS,,_; =b% S, =a? a,b e N*.
ViSy; =5, 53=10, Sy = 17nénm > 4, p,, lasd 1é.
Tacod pm = Sm—Sm—1=(a—0b)(a+Db), a+b>1.

a—b=1
Suy ra
a+b=py.
2

Do m > 4 nén

S =2+43+45+7+ . +pu <143+5+74+94..4pu+2—-1-09

=(143+4+54+7+...+pm)—8
Pm+1 2_ pm_l 2 _3
2 2

2 2
_ (Pm;‘l) _8 < (Pm2+1> , (mau thuan (*)).

=(12-0)+(22-12) + (3> 2% +..+

Vay suy ra diéu phai chirng minh.

Bai toan 3.6 (Dé thi TS chuyén Dai hoc Su pham nam 2013). D9 dai ba canh cta tam giac
ABC la ba s6 nguyén t6. Chitng minh rang dién tich ctia tam gidc ABC khong thé 1a sb
nguyeén.

Loi gidi. Gia st a, b, c 1aba sd nguyén t6 va la d6 dai ba canh ctia tam gidc ABC. Dat P, S
thi tu 1a chu vi, dién tich ctia tam giac ABC. Ap dung cong thic Hérong ta c6
165 = P(P — 2a)(P — 2b)(P — 2c). (%)

Gia st S 1a s6 ty nhién, tir (*) suy ra P = a + b + ¢ phai la s6 chan.
+Néua, b, c cung chanvavia, b, ¢ nguyén tbnéna=b=c =2, suyra S = V3 (loai).
+Neua, b, c c6 moét so chan va haiso1é, gia st b, clé vaa chan thia = 2.

3
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Néub #cthilb—c| >2=a,voli

Néub =cthiS? =b>—1= (b—S)(b+S) = 1, dang thirc nay khong xdy ravi S, b la
cac sb tu nhién.
Vay suy ra khong ton tai tam gidc thoa diéu kién trén.

Bai toan 3.7 (IMO 1983). Cho cac s6 a, b, ¢ € IN*, d6i mot nguyén t6 cing nhau. Ching
minh rang phuong trinh xbc + yca + zab = 2abc — ab — bc — ca khong c6 nghiém tu nhién.

Loi gidi. Gia sit phuong trinh c6 nghiém ty nhién (x; y; z). Tir diéu kién cta bai toan suy ra
xbc + yca + zab + ab = 2abc — bc — ca = (z+ 1)ab : c.

Ma(a;c)=(0b;¢c)=1= (z+1)icmaz+1>0=2z+1>c¢= z>c—1. Chung minh
tuongtutacox >a—1, y > b—1. Tir do6 ta co

xbc + yca+zab > (a —1)bc+ (b —1)ca+ (¢ — 1)ab = 3abc — ab — bc — ca
> 2abc — ab — bc — ca (mau thuan) .

Vay suy ra diéu phai ching minh.

Bai toan 3.8 (Dé thi TS chuyén Khoa hoc Tu nhién ndm 2011). Ching minh rang khong ton
tai cdc bo ba s6 nguyén (x; y; z) théa man x* + y* = 7z* + 5.

Loi gidi. Gid st ton tai cac sb nguyén x, y, z théa man x* + y* = 7z* + 5.

Suy ra x* + y* + z* = 8z% + 5.

Vi a* chia cho 8 chi ¢6 thé du 0 hoéc 1 nén x* + y* + z* chia cho 8 chi ¢6 thé du 0; 1; 2 hoac 3.
Ma 8z* + 5 chia cho 8 du 5 (mau thuan).

Vay khong ton tai bo ba s6 nguyén (x; y; z) thoa man diéu kién trén.

Bai toan 3.9 (Dé thi TS chuyén Dai hoc Su pham nam 2013). Gia stt a1, ay, ..., a1 la cac sb
nguyén duong 16n hon hay bang 2, d6i mot khac nhau va théa man ay +ap + - - - +ay; = 407.
Ton tai hay khong s6 nguyén duong n sao cho tong cac s6 du ctia cac phép chia n cho 22 sb
ai, az, ..., ay1, 4ay, 4ay,..., 4ay; bang 2012.

Loi gidi. Gia st ton tai s6 nguyén duong n thda man diéu kién bai toan, goi r1, r,..., r11
tuong ing la cac sO6 du ctia n khi chiacho ay, a,..., a17.Tac60<r; <a;—1,i=1; 11.
Suyra0 <ry+r+---+r;; < (407 —11), hay 0 < r 41+ 41 < 396. Tuong tu nhu
vay khi chia n cho céc s6 4ay, 4ay, ..., 4ay; thi tong s6 du khong vuot qua 4.407 — 11 = 1617.
Do d6 téng cac s6 du trong phép chia n cho cacsd ay, ay, ..., ayjn, 4aq, 4a,,..., 4a;; khong
thé vuot quéa 396+1617=2013. Két hgp vdi gia thiét téng cac s6 du bang 2012, suy ra khi chia n
cho 22 s6 trén thi c6 21 phép chia c6 s6 du 16n nhat va mot phép chia cé s6 du nhé hon sb chia
2 don vi. Do d6 ton tai k sao cho ay, 4ay thoéa man diéu kién trén. Khi d6 mot trong haisb n + 1
hodc 1 + 2 chia hét cho a; va s6 con lai chia het cho 4ay. Suy ra UCLN(n + 1; n+ 2) >a>2,
diéu nay khong dung. Vay khong ton tai sO nguyén duong n théa man yéu cau bai toan.
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Bai toan 3.10. C6 thé tim dugc hay khéong 5 s6 nguyén sao cho cac tong ctia hai trong 5 s6
d6 lap thanh 10 s6 nguyén lién tiép.

Loi gidi. Gia st tim dugc 5 sO nguyén ay, ap, a3, a4, as théa man yéu cau bai toan. Goi S la
tong ctia 5 s6 trén va n 1a gia tri nhé nhat cda téng cac cdp hai s6 trong 5 sb trén, khi dé 10
s6 nguyén lién tiép la
nn+l n+2,..., n+09.

Vas = ay + az + a3 + ag + as.
Ta tinh tong M ctia 10 s6 nay theo hai cach khac nhau.
TacoM=n+(n+1)+(n+2)+---+ (n+9) = 10n + 45.

Mit khéc trong téng M mébi sb xuat hién 4 1an nén M = 4S.
Do d6 101 + 45 = 4S5 (V6 1i). Vay khong tim dugce 5 s6 nguyén théa man yéu cau bai toan.

Bai toan 3.11. C6 thé chia cac s6 tu nhién tir 1 dén 2017 thanh cdc nhém do6i mot roi nhau
sao cho trong mdi nhom s6 16n nhat bang tng céac s6 con lai hay khong?

Loi gidi. Gia st ta c6 thé chia dugc cac s6 tu nhién tir 1 dén 2017 thda man yéu cau bai toan.
Khi d6 tong cac s6 6 mbi nhém déu 1a 1 s6 chén (Vi téng nay bang 2 1an s6 16n nhét).

Vay téng ctia 2017 s6 da cho 1a mot s6 chan (Vi cac nhém ddi mot roi nhau va téng ctia cac
s6 chan 1a moét sb chan).

Nhung tng ctia 2017 s6 tir 1 dén 2017 1a mot s6 1é (mau thuan).

Vay khong thé chia dugc cac nhém thda man yéu cau bai toan.

Bai toan 3.12. Cho a, b, ¢ 1a cac sb thuc sao choa+b+c¢ > 0; ab+ bc + ca > 0; abc > 0.
Ching minh rang a, b, ¢ > 0.

Loi gidi. Gia sit mot trong cac s6 4, b, c nhd hon 0. Vi abc > 0 nén trong ba s6 nay phai c6
hai s6 4m va mot s6 duong. Khéng mét tinh tdng quat giasta < 0, b < 0, ¢ > 0 = bc < 0.
Khi d6 ab+bc +ca = a(a+b+c) —a®? + be < 0 (mau thuan gia thiét). Vay suyraa, b, ¢ > 0.

Bai toan 3.13. V6i 0 < a4, b, ¢ < 1, chitng minh trong ba bat dang thirc
1 1 1 . £y a8
a(l1—>b) > v b(1—c¢) > v c(l—a)> 1 o it nhat mot bat dang thuc sai.

Loi gidi. Gia st ca ba bat dang thirc déu ding,

Suy ra abc(l1 —a)(1—0)(1 — c) o ()

Mat khéc ta c6 a(1 — a) < -, b(1-0) < le c(l—¢) < 411’ nhan ve vdi ve cac bat dang thuc
trén ta thu duoc
abe(1—a)(1—b)(1—c) < 6i4 (%)

Tur (*) va (**) suy ra mau thuan, bai toan dudc chitng minh.
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1 s r a2
Bai toan 3.14. V6i 0 < a, b, ¢ < 5 ching minh rang trong ba bat dang thuc sau

1 1 1 ) Al
2 o i 2 o il 2 o el s s A A A 2 - .
as(1—2b) > T b*(1—2c) > 270 € (1—2a) > 570 €Ot nhat moét bat dang thuc sai.
Loi gidi. Gia st ca ba bat dang thiic trén déu diing, suy ra

3
PRA(1 — 20)(1— 2b)(1— 20) > (%) |

Mat khéc, véi diéu kién 0 < a, b, ¢ < %

Ap dung bat dang thitc AM - GM ta lai ¢6

a?b2c2(1 — 2a)(1 — 2b)(1 — 2¢) < (%)3

diéu nay suy ra mau thuan. Vay suy ra diéu phai chitng minh.



