PHONG GIAO DUC VA DAO TAO KY THI HQC SINH GIOI CAP QUAN

QUAN LONG BIEN GIAlI TOAN BANG TIENG ANH HOMC
Nim hec 2018-2019 ‘
PE CHINH THUC Thoi gian lam bai: 120 phit, khéng ké thoi gian giao dé.

Individual Contest - Junior Section
Time limit: 120 minutes

Information:

® You are allowed 120 minutes to complete 10 questions in Section A and 5 questions in Section B .

® FEach one of Questionsl, 2, 3, 4, and 5 is worth 5 points, and each one of Questions 6, 7, 8, 9, and 10
is worth 10 points. No partial credits are given, and there are no penalties for incorrect answers.
Each one of Question 11, 12, 13, 14, and 15 is worth 15 points, and partial credits may be awarded.

® Diagrams shown may not be drawn to scale.
Instructions:

® \Write down your name, your contestant number and your team’s name in the space provided on the
first page of the question paper.

® \Write your answers on the answer sheets provided.

® For the multiple choice question, stick only the letters (A, B, C, D or E) of your choice .

® You must use either pencil or ball-point pen which is either black or blue.

® The instruments such as protractors, calculators and electronic devices are not allowed to use.

® At the end of the contest you must put the question papers in the envelope provided.

Team: Name:
Section A. Multiple choice

Question 1: What is the smallest positive prime factor of the integer 2017°"*° + 2019°"" ?
A.5 B.7 C.2 D.3 E.8

Question 2: Let p be areal number such that the equation 2y* -8y = p has only one solution. Then
A p<s B. p=38 C.p>-8 D. p=-8 E. p<-8
Question 3: Which of the following is a possible number of diagonals of a convex polygon?

A. 21 B. 32 C.45 D. 54 E. 63

Question 4: As shown in the diagram, BE and CF bisect Aep and
AcD respectively. BE and CF intersect at G. Given that
BDC =150°andBcc =100°. Find A in degrees.

A. 60" B. 50°. C. 45°. D. 55°. E. 759




uestion 5: What is the largest positive integer n satisfying n®*° < 5%°°?
Q gestp g ying

A9 B. 10 C. 11 D. 12 E. 13

Question 6: Sir Jame has a lot of tables and chairs in his house. Each rectangular table seats eight people
and each round table seats five people. What is the smallest number of tables he will need to use to seat
35 guests and himself, without any of the seating around these tables remaining unoccupied?

A. 4 B.5 C.6 D.7 E .8.

Question 7: A 3-digit number when divided by 57, the remainder is 27; when divided by 217, the
remainder is 60. Find the number.

2018 2018

Question 8: The last two digits of s =2018°"" + 2

Question 9: Given four positive numbers a, b, ¢, d. Prove that

Question 10: In AABC, AB:AC =4:3 and m isthe midpoint

of BC . E isapointon A and F isapointon AC such that
AE : AF =2:1. Itisalso giventhat EF and Am intersect at
G with GF = 72cm and GE = xcm . Find the value of x .
(Note: Figure is not drawn to scale)

Section B. Short questions

Question 11: Let a,b and ¢ be the lengths of the three side of a triangle. Suppose a and b are the roots
of the equation. x* +4(c+2)=(c+4)x.And the largest angle of the triangle is x°.

Find the value of «x.

Question 12: How many ordered pairs of integers (x, y) satisfy the equation x* + y* = 2(x + y) + xy

Question 13: aBc is atriangle with sides 3,4 and 5 units. A’ is the mirror image of the point A across
line Bc. Similarly, B and ¢’ are mirror image of B and c across linesca and AB. Find the area of
triangle A'B'C".

Question 14: Let a,b,c be positive integer such that:ab + bc =518 and ab — ac = 360

Find the large possible value of the product abc .

A
Question 15: In a right angled triangle ABc,B = 41°. Square PQRS is P
inscribed as shown in Figure. Let AB = ¢ and the altitude from ¢ to AB 0
. A)
ben. If2.1_2 , what the length of a side of the square?
h ¢ 3
c B

— Hét—
Giam thi coi thi khong giai thich gi thém!
Thi sinh ndp lai d¢ sau khi thi xong.
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Information:

® You are 10 questions in Section A and 5 questions in Section B .

® FEach one of Questionsl, 2, 3, 4, and 5 is worth 5 points, and each one of Questions 6, 7, 8, 9,
and 10 is worth 10 points. No partial credits are given, and there are no penalties for incorrect
answers. Each one of Question 11, 12, 13, 14, and 15 is worth 15 points, and partial credits
may be awarded.

® Diagrams shown may not be drawn to scale.

Problem 1. What is the smallest positive prime factor of the integer 2017°"** 4+ 20197%17?
A.5 B.7 C.2 D.3 E. 8
Answer: C

Problem 2. Let p be a real number such that the equation 2 y* — 8y = p has only one solution. Then
A.p<8 B.p=8 C.p=>=-8 D.p=—-8 E.p<-8

Answer: D
Problem 3. Which of the following is a possible number of diagonals of a convex polygon?
A. 21 B. 32 C.45 D.54 E. 63

Answer: D.

Problem 4: As shown in the diagram, BE and CF bisect AsD
and acp respectively. BE and CF intersect at G. Given that
BDC =150°andBGc =100°. Find A in degrees.

A. 60° B. 50° C. 45° D. 55°
E. 75°
Answer:B

Problem 5. What is the largest positive integer n satisfying »*** < 5> ?
A.9 B. 10 C. 11 D. 12 E. 13
Answer: C

Problem 6. Sir Jame has a lot of tables and chairs in his house. Each rectangular table seats eight
people and each round table seats five people. What is the smallest number of tables he will need to use to
seat 35 guests and himself, without any of the seating around these tables remaining unoccupied?

A. 4 B.5 C.6 D.7 E .8.



Answer: C

Problem 7. A 3-digit number when divided by 57, the remainder is 27; when divided by 217, the
remainder is 60. Find the number.

Answer: 711

2018 2018 §

Problem 8. The last two digits of s = 2018°""" + 2*°"" is?

Solution: We have

*2018 = 18(med 100) = 2018% = 18%(mmod 100)

We also have 182 = 24 (mod 100). Therefore, we have:

2018% = 24(mod 100)(1) = 2018* = 24*(mod 100),

and 24% = 76 (mod 100).

Hence, 2018* = 76 (mod 100) = (2018*)*%* = 76(mod 100) (2)

Combining (1) and (2),
20182918 — (20184)5%4.20182 = 76.24(imod 100) = 24(mod 100),

* \We have 22018 = (210)200 218 = (—1)29 21%(mod 25) = 44(mod 25)
22018 _ 25k 4 44(k € N)
We also have 2292 : 4 = [ ! 4 because (25,4) = 1

Hence, 22918 = 100k + 44 (2)

Combining, we the number 68 subjects to the question.

Answer: 68.

. . b d
Problem 9. Given four positive numbers a, b, c, d. Prove that - — >2

b+c c¢c+d a+d a+b

1

- . . 1
Solution: Apply extra inequality — > — (x,y>0)
Yo (x+y)

We have: -2, _°© :a(d+a)+0(b+c)Z4a2+c2+ad+bzc (1)

b+c d+a (b+c)(d+a) (a+b+c+d)
. . b d bz d2 b d
Similary, + s +d +a +CZ @)

c+d a+b (a+b+c+d)

a b c d a’+b’+c’+d’+ad+bc+ab+cd

Phus (1) to (2), we have: " + N L 2 bt rctrd vadberab

b+c c+d a+d a+b (a+b+c+d)2



Then we prove

a’+b’+c’+d®+ad+bc+ab+cd

(a+b+c+d)’
o 4@’ +b’+c’+d*+ad+bc+ab+cd)>2(a+b+c+d)’
o 22’ +2b%+2c¢”+2d° —4ac-4bd >0

o (a-c)+(b-d)’>0
Answer: x =673,y =672,z =671

Problem 10. In AABC, AB: AC = 4: 3 and M is the midpoint of BC. E is a point on AEF and F is a
point on AC such that AE: AF = 2: 1. It is also given that EF and AM intersect at G with GF = 72cm

and GE = x cm. Find the value of x.

Answer: 108

Problem 11. Let a, b and ¢ be the lengths of the three side of a triangle. Suppose a and b are the roots

of the equation.
2+ 4(c+2)=(c+4)x
And the largest angle of the triangle is x°. Find the value of x.

Answer: 90

Solution:

Since a,b are the roots of the equationx” — (c+4)x+4(c+2)=0 , it follows that

a+b=c+4 and ab=4(c+2)
Thena® +b* = (a + b)2 —2ab = (c+ 4)2 -8(c+2)e a’ +b” =c” .Hence the triangle is right-angled,
and x =90 .
Problem 12. How many ordered pairs of integers (x, ) satisfy the equation
2+ yr=2(x+v)+xv
Answer: 6

Problem 13. Let line aA’ intersect BC atH, B'c’ at H'. Then A'H L BC,AH 'L B'C". Alsoin

lengths,

B'C' = BC, A'H' = 3 AH.

So the area of AA’B’C’ is 3 times the area of AABC, which is 3 x 6 =18.
Answer: 18

Problem 14. Let a,b,c be positive integer such that:ab + bc =518 and ab — ac = 360

Find the large possible value of the product abc .

Answer: 1008



Solution: bc + ac=518-360=158 = c(a+b)=2.79 . Thus ¢ mustbei1,2 or79.
Ifc=79 thena+b=2= a=b=1,c=79 , which not satisfy the given equations.
If c =2 then a+ b =79 . Substitute these values into the second equation, we get:
a(79 —a)—2a =360 => a’-77a+360=0=>a=5 or 72 .

When a=5,b=74,c =2 have abc =740 .

When a=72,b=7,c=2 wehave abc =1008

If c =1 proceeding as before, we geta’ —157a+ 360 = 0 which has no

integer solution for a A
Thus the largest possible value of abc = 1008 P
Problem 15. In a right angled triangle ABC,B = 41°. Square PQRS is g Q
inscribed as shown in Figure. Let AB = ¢ and the altitude from C to
1 1 2 .
AB be h.If —+ == — what the length of a side of the square? C
h ¢ 3 R
3
Answer: — A
2
P
Solution: In figure, we draw the altitude from C to AB and label its
intersection with SR by T as shown. Let SP = SR =x.Then CT =h - x. Q
Observe that ASRC < AABC . Thus, the corresponding side are in the s
same ratio: ,
CT h h—-x h ch 1 3 c R
—_— = =—= X=—=—=—
SR ¢ X c c+h 1 1 2
i
c h

Hoc sinh giai cach khac ddng van cho diém ti da.
T giam khao théng nhit diém thanh phan cua céc y nhung khong thay doi tong diém mai cu.

Diém lam bai lam tron dén 1 chir s thap phan.



