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SO NGUYEN TO, HQP SO

A. KiOn thgc cCn nhi
1. Dinh nghia s8 nguyén t6, hop sé.
1) S6 nguyeén td 1a nhitng sd tw nhién 1én hon 1, chi ¢ 2 wdc s6 1a 1 va chinh né.
Vidu:2,3,5,7,11,13,17, 19....
2) Hop s6 1a s6 twe nhién 16n hon 1 va c6 nhiéu hon 2 udc.
Vidu:4c63udcs6:1; 2 va 4nén 41a hop so6.
3) Cac s 0 va 1 khong phai la s6 nguyén t6 cting khong phai la hop s6.
4) Bat ky s tu nhién 16n hon 1 nao cling ¢6 it nhat mot udc s6 nguyén to.
2. Mot s6 tinh chat.
e C6 vo han s6 nguyén t6.
e Néu s6 nguyén t6 p chia hét cho s6 nguyén t6 q thi p=q.
e Néu tich abc chia hét cho s6 nguyén td p thi it nhat mot thira s cta tich abce chia hét cho
sO nguyén to p.
e Néu a va b khong chia hét cho sd nguyén t6 p thi tich ab khong chia hét cho s6 nguyén
top.
o Néu A 1a hop s8 thi A ¢6 it nhat mot uéc nguyén t8 khong vuot quéa VA,
Chitng minh.Vi n lahop s6 nén n=ab véi a,bell,1<a<b<n va a la wéc nho nhét caa n.
Thé thi n>a®. Do d6 a<+/n.
3. Phén tich mot s6 ra thira s6 nguyén to:
e Phan tich mot s6 tw nhién 16n hon 1 ra thtra s6 nguyén t0 la viét s d6 dudi dang mot
tich c4c thtra s6 nguyén to6.
+ Dang phan tich ra thita s6 nguyén t& ctia mdi s6 nguyén t3 1a chinh s6 do.
+ Moi hop s6 déu phan tich dwoc ra thira s6 nguyén t6, phan tich nay la duy nhat néu
khong tinh thit ty cac thira so.
Chéng han A=a”b”..c’, trong d6 a, b, c1a cAc s6 nguyéntd va «a, S, ..., y e N’
Khi d6 s6 cac udc s8 cua A duoc tinh bang (a +1)(f+1)...(y +1)
a”" -1 p"M-1 -1

Tong cac de s6 ctia A durege tinh bang :
a-1 b-1 c—1

4. S6 nguyén t6 cung nhau.

Hai s6 a va b nguyén t§ cling nhau khi va chi khi (a,b) =1.

Cac sO a, b, c nguyén t6 cung nhau khi va chi khi (a,b,c) =1.

Cac s8 a, b, ¢ d6i mot nguyén t3 ciing nhau khi va chi khi (a,b)=(b,c)=(c,a)=1.

5. Cach nhan biét s6 nguyén to.
Cach1
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Chia s d¢6 Ian luot cho cac s6 nguyén to tir nho dén 16n: 2; 3; 5; 7...
- Néu c6 mot phép chia hét thi s6 d6 khong la s6 nguyén to.
- Néu thuc hién phép chia cho dén ltc thuwong s8 nhé hon s6 chia ma cac phép chia van cé
sO du thi s6 d6 la s6 nguyén to.
Cach 2
- M6t s0 6 hai wéce s6 16n hon 1 thi s6 d6 khong phai la s6 nguyén t6.
- Né&u A 1a hop s6 thi A ¢4 it nhat mot uée nguyén 8 khong vuot qua /A,
- V6i quy tat trén trong mot khoang thoi gian ngén, véi cac dau hiéu chia hét thi ta nhanh
choéng tra 10i duoc mot sd o6 hai chir sd nao do6 la nguyén t6 hay khong.

B. MOT SO DANG TOAN SO NGUYEN TO, HOP SO
7~ Dang 1: Chitng minh mét sd 1a s6 nguyén t6 hay hop sd

Bai toan 1.Néu p va p®+ 8 la cdc s6 nguyén t& thi p*+ 2 1 s8 nguyén t6.

Bai toan 2. Chitng minh rang n* +4 1a mot s8 nguyén t6 khi n=1.

Bai toan 3.Chting minh réng v4i moi s6 ty nhién n>1thi n®+n*+1 la hop s0.

Bai toan 4.Chiing minh réng néu 2" -1 la sd nguyén t6 (n > 2) thi 2" +1 1a hop so.
Bai toan 5.Cho p va 8p—1 la cac s6 nguyén t8. Chiing minh 8p+1 1a hop s6.

2019

Bai toan 6.Chiing minh rang véi mdi s6 nguyén duong n, ludn chon dugen® +n** +1s68

nguyén duong lién ti€p ma tat ca déu la hop s6.
I~ Dang 2: Chitng minh mét s6 bai toan c6 lién quan dén tinh chat ctia s6 nguyén t6

Bai toan 1.Chting minh rang néu pva p+ 2 1a hai s6 nguyén t8 16n hon 3 thi téng ctia
chung chia hét cho 12.

Bai toan 2.Chting minh rang moi udc nguyén t& cia 20141 déu 16n hon 2014

Bai toan 3.Cho cac s6 p=b°+a,q=a"+C,r=c*+b 1a cic s8 nguyén t5 (a,b,c € N*). Chiing
minh rang ba s8 p, q, r ¢6 it nhat hai s§ bang nhau.

Bai toan 4.Cho s0 tu nhién n>2va s6 nguyén t6 p thoa man p —1chia hét cho ndong thoi

n® —1chia hét cho p.Chiing minh rang n+ pla mot s6 chinh phuong

7~ Dang 3: Tim s nguyén t6 théa min diéu kién nao dé

Ddi v6i dang toan tim s6 nguyén t6 thoa man diéu kién cho trudc, ching ta thuong st
dung cac tinh chat cua phép chia s6 nguyén sau dé€ giai:
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* Trong n s6 nguyeén lién tiép c6 mot va chi mot s6 chia hét cho n.

* Moi s6 nguyén td 16n hon 2 déu c¢6 dang 4n+1.

* Moi s6 nguyén t6 16n hon 3 déu c¢6 dang 3n+1.

* Moi s6 nguyén t0 16n hon 3 déu ¢6 dang 6n=+1.
Chitng minh:
e Xét m la s6 nguyén t6 1én hon 2

MOi s6 tw nhién khi chia cho 4 ¢6 mot trong cac s0 du 0, 1, 2, 3 do d6 moi s6 tu nhién
déu viét dugc dudidang 4n—-1;4n;4n+1;4n+2.

Do m la s6 nguyén t5 16n hon 2 nén khong thé chia hét 2 do d6 m khong cé dang 4n
vadn + 2.

Vay moi sO nguyén t0 16n hon 2 déu c6 dang: 4n+1
Khong phai moi s6 c6 dang 4n+1 déu la s6 nguyén t6.
Chang han 4.4 -1 =15 khong la s8 nguyén td .
e Xét m la s6 nguyén t6 1on hon 3

+) Ta thdy moi s6 nguyén t6 16n hon 3 déu phai c6 dang 3n*1 vi néu c6 dang 3k thi
s€ chia hét cho 3 nén khong thé'1a sd nguyén to.

Khong phai moi s6 ¢6 dang 3n+1 déu la s6 nguyén to6.

Chang han 3.5+ 1 =16 khong la s6 nguyén t6.

+) Mbi s6 twe nhién khi chia cho 6 c6 mot trong cacs6 du 0, 1, 2, 3,4, 5 do &6 moi s6 tu
nhién déu viét duoc dwédi dang 6n-1;6n;6n+1;6n+2;6n+3

Do m 1a s6 nguyén t& 16n hon 3 nén khong thé chia hét 2 va 3 do d6 m khong c¢6 dang
6n va 6n;6n + 2; 6n + 3.

Vay moi s6 nguyén t6 16n hon 3 dé c6 dang: 6n+1.
Khoéng phai moi s6 c6 dang 6n+1 déu la sd nguyén td.
Chang han 6. 4 + 1 =25 khéng la s6 nguyén t6.
* Vi du minh hoa:
Bai toan 1.Tim tat ca s6 nguyén t6 p sao cho p +2 va p +4 la cac sd nguyén t6.
Bai toan 2.Tim tat ca s6 nguyén t6 p sao cho p +2; p+6; p+8; p + 14 déu la cac sO nguyén to.

3

\ e 14 N\ ~ A n \ ~ A ~
Bai toan 3.Tim sO ti nhién n sao cho la s6 nguyen to.

Bai toan 4.Tim s0 nguyén t0 p sao cho 43p+ 1 1a lap phuong ctia mét sd tw nhién.

Bai toan 5.Tim tat ca cac s6 nguyén t6 p d€ p vira la tong vira la hiéu ctia hai s6 nguyén t0.

7~ Dang 4: Nhan biét s6 nguyén t6, sw phan bd nguyén td trong tap hop s6 tw nhién
Tir 1 dén 100 c6 25 sb nguyén to, trong tram thir hai c6 21 s6'nguyén to, trong tram thir ba
c6 16 s0 nguyeén to, ... Trong nghin diu tién c6 168 so nguyén to, trong nghin thir hai cd
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145 s6'nguyén to, trong nghin thir ba c6 127 so nguyén to, ... Nhw vdy cang di xa theo day
0 tw nhién, cdc s6 nguyén to cang thiea din.
* Vi du minh hoa:
Bai toan 1.Néu p>5 va 2p+1 la cac s6 nguyén t6 thi 4p +1 la sO nguyén t0 hay 1a hop s6?
Bai toan 2.Tim s0 tw nhién k d€ day :kK +Lk + 2,k +3,...,k +10 chita nhiéu s6 nguyén t6 nhat.
Bai toan 3. Chttng minh rang trong 30 s8 tw nhién lién tiép 1én hon 5, c6 it nhat 22
hop s0.
Bai toan 4.C¢ ton tai 1000 s ty nhién lién ti€p déu la hop s6 khong?
Bai toan 5. (Tong quat bai s6 4)
Chttng minh rang c6 thé tim dugc 1 diy s6 gom n s6 tw nhién lién tiép (n > 1) khong
c6 sO nao 1a sd nguyén td ?

7~ Dang 5:Chitng minh ¢6 v6 s6 s6 nguyén t6 dang ax+b (véi xeN va(a,b)=1)

Day la dang todn twong doi khé, chiing ta thwong gidi bing phwong phdp phdn
chitng.Voi dang todan nay, ¢ trinh @9 THCS cdc em chi gidi quyét dwgc nhitng bai tdp o
dang don gidan nhw 3Xx—1va 4x+3. Viéc chirng cdc bai tdp 6 dang nay phic tap hon,
cdc em s& gdp nhiéu khé khin chir khong thé dé dang chitng minh dwoc. Ching han
chirtng minh vé v6 s6's6' nguyén t6'cé dang 4a+1; 6a + 1......... phitc tap hon nhiéu.

* Vi du minh hoa:

Bai toan 1.Chitng minh rang cé vo s s8 nguyeén t& dang 3k —1.

Bai toan 2.Chting minh ran ton tai vo s3 cac s6 nguyeén t3 c6 dang 4k +3.
I~ Dang 6: St dung nguyén ly Dirichlet trong bai todn s6 nguyén to

Bai toan 1.Cho p >5 1a s8 nguyén t6. Chitng minh rang ton tai mot s6 c6 dang 111...11
chia hét cho p.

Bai toan 2.Chitng minh rang trong 12 s& nguyén t6 phan biét luoén chon ra duoc 6 s6 ky
hiéu p,, P,, P, Py, Ps, P sao cho (pl - pz)( P, — ps)( Ps + p6)51800‘

I~ Dang 7: Ap dung dinh 1y Fermat

Cho p lasdnguyén t6 va a la sd nguyén sao cho (a, p)=1. Khi d6: a"*=1 (mod p).
Chitng minh
Xét cac s§ a, 2a, ..., (p-1)a. Dé thdy, khong cé s8 nao trong p-1 sd trén chia hét

cho p va khong c6 hai s6 nao c¢6 cung s6 du khi chia cho p. Vay khi chia p-1 sd ndi trén
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cho p, ta nhan duoc cicsddulal, 2, ..., p-1.Suyra a.(2a).(3a)...(( p—l)a)zl.2.3.( p-1)

(mod p) hay (1.23..(p-1)).a"*=1.23..(p-1) (mod p)
Vi (1.2.3..(p-1), p)=1 nén a**=1(mod p).
* Vi du minh hoa:
Bai toan 1.Tim s0 nguyén t6 p sao cho 2” +1 chia hét cho p.
Bai toan 2.Cho p 1a s6 nguyén t8 16n hon 2. Chiing minh rang cé vo s6 s§ tu nhién thoa
n.2" —1chia hét cho p.

Bai toan 3.Cho p la s6 nguyén t&, chitng ming rang s& 2° —1chi cé wéc nguyén t6 c6 dang
2pk+1.

C. BAITAP AP DUNG

Bai 1. Tim s0 nguyén td p sao cho cac sd sau cling la s6 nguyén to:

a)p+2vap+10.

b) p + 10 va p + 20.
Bai 2. Chiing minh rang néu n va n?+ 2 1a cic s8 nguyén t6 thi n*+2 ciing 1a s§ nguyén t3.
Bai 3. Chitng minh rang néu a, a +k, a+ 2k ( a,k e N* ) Ia cc s6 nguyén t& 16n hon 3 thi k
chia hét cho 6.
Bai 4. Chttng minh rang néu p 1a s6 nguyén t3 16n hon 3 thi (p - 1)(p + 1) chia hét cho 24.
Bai 5. Mot s6 nguyén td p chia cho 42 ¢6 dw 1la mét hop s6 r. Tim r.
Bai 6. Mot s6 nguyén t3 p chia cho 30 c6 s§ du 1a r. Tim r biét rang r khong 1a s§ nguyén
to.

Bai 7. Chting minh rang s8 11...1211...1 1a hop s6 véi n>1.

n n

Bai 8.Tim n s6 sao cho 10101...0101 (n chi* s6 0 van + 1 chit s& 1 xen ké nhau) 1a s6 nguyén td.
Bai 9. Chting minh rang khong ton tai cdc s6 nguyén duong m,n,p véi p nguyén
t0 théa man:  m®™° +n** = p**®

(Trich dé thi HSG I6p 9 TP. Ha N¢i 2017-2018)

Bai 10. (Trich dé thi HSG TP. Ha Noi nam hoc 2013-2014)

-3n+1

Tim s& ty nhién 1 ¢& 25" " ~121a s6 nguyén t&

Bai 11.(Trich dé thi HSG thanh pho"Ha N¢i nam 2019-2020)
Tim tat ca cdc b ba s6 nguyén duong (x,y, p) voi p la s6 nguyén td thoa man

X* + py? =6(x+2p).
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HUONG DAN GIAI

Bai 1. a) b) Bap s6: p = 3. Xét p dudi cac dang: p=3k, p=3k+1, p=3k+2 (keN).
Bai2.n=3.
Bai 3. S6 nguyén t6 16n hon 3 ¢é dang 6n +1, 6n + 5. Do d6 3 s0 a, a + k, a + 2k phai ¢0 it
nhat 2 s0 c6 cuing mot dang, hiéu la k hodc 2k chia hét cho 6, suy ra k chia hét cho 3.
Bai4.Taco (p-1)p(p+1):3 ma(p,3)=1nén

(p—D(p+1):3 (D).
p 1a s6 nguyén t6 16n hon 3nén p las61é, p - 1 va p + 1 1a hai s8 chdn lién tiép. Trong hai
s6 chén lién ti€p, c6 mot s6 1a boi ctia 4 nén tich chung chia hétcho 8 (2).
Tt (1) va (2) suy ra (p -1)(p + 1) chia hét cho hai s6 nguyén t& cung nhau 3 va 8.

Vay (p-D(p+1):24.
Bai5. Tacodp=42k +r=2.3. 7k +r (k, r €N, 0 <r <42). Vi p la s& nguyén t6 nén r khong
chia hétcho 2, 3, 7.
Cac hgp s6 nho hon 42 va khong chia hét cho 2 1a 9, 15, 21, 25, 27, 33, 35, 39.

Loai di cac s6 chia hét cho 3, cho 7, chi con 25. Vay r = 25.
Bai 6. Tac6 p=30k +r=2.3.5k +r (kr eN,0<r <30). Vi p la sd nguyén t6 nén p khong
chia hét cho 2, 3, 5.
Cac hgp s6 nho hon 30 va khong chia hét cho 21a 9, 15, 21, 25, 27.
Loai di cac s6 chia hét cho 3, 5 thi khong con s6 nao niva. Vay r khéng phai 1a hop so.
r khong phai 1a hop s6 cling khong phai la sd nguyén t6, suy ra r =1.
Bai 7.11...1211...1=11...10..0+11...1=11...1(10" +1) .

n n n+1 n n+1 n+1

suy ra dpcm.

(10™ —1)(10™" +1)

Bai 8. p=1010...101=
9.11

n=1: p =101 la s6 nguyén t6.
n>1: p la hop s6.
Bai 9.Gia st ton tai bo s6 (m,n,p) thda man yéu cau dé bai. Dé thdy 0<m, n<p.
Phuong trinh da cho c6 thé dwgc viét lai thanh
(m+n)A=p*®, (1)

2 2017, 42018

208 _ mn®Y +n

2017

trong d6 A=m**-m*'n+m

Néu A khong chia hét cho p thi ttr (1), tacd A=1va

2019

n

2018 __ 2019

m+n=p m** +n
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Tk d6 dé thdy m=n=1va p**® =2, mau thuan. Vay A chia hét cho p.

Do m+n>1nén tir (1) suy ra m+n chia hét cho p.Khi d¢, ta co
A =2019m**(mod p).

Do A chia hétcho p va O0<m<p nén tir két qua trén, ta suy ra 2019 chia hét cho p,
hay p=2019. Tt day, dé thdy m va n khdc tinh chén I¢, hay m=n.
Bay gio, ta viét lai phwong trinh da cho dwéi dang\ (m3)673 + (ng’)673 = 2019,
hay (m-+n)(m*-mn+ n2) = 2019,
trong d6, B :(mg’)672 —(m3)671(n3)+...—(m?’)(n3)671+(n3)672. Do m=n nén
m?-mn+n?=(m- n)2 +mn>1, tie 6 ta c6 m* —mn+n? chia hét cho 2019. Tuy nhién,
diéu nay khong thé xay ra do

m? —mn+n? =3n?(mod 2019)

m?—mn+n? =0 (mod 2019).
Vay khong ton tai cac s6 m,n,p thoa man yéu cau dé bai.
Bai 10.Ta c6 2n° —6n+2=2[n(n-3)+1]
Vin(n-3) chdnnén n(n - 3) + 1 =2k +1 v6i ke N u{-1}.
Suy ra 5" "2 _12 = 25%*1 11-13!13
Vi vay 5" °"2 _12nguyén t3 hay 5" °™2-12 =13
nén nn-3)+1=1,suyran=0hodcn=3.
Bai 11.Do 6(x + 2p) chia hét cho 3 nén tir phuong trinh da cho ta suy ra x* + p*y?
chia hét cho 3. Mat khdc, ta c6 d€'y rang, véi moi s6 nguyén a thi a2 chia cho 3 du 0
hodc 1. Do d6, &€ x? + p?y?chia hét cho 3 thi ta phai ¢ x*va p?y?cling chia hétt cho 3.
Suy ra x va py cting chia hét cho 3.

Dat x = 3a v6i a nguyén dwong. Phuong trinh da cho c6 thé dwoc viét lai thanh

9a’ + p’y* =18a+12p (1)

Do 9a%, p’y? va 18a chia hét cho 9 nén tir phuong trinh trén, ta suy ra 12p chia hét
cho 9, tirc 1a p chia hét cho 3. Ma p la s6 nguyén t6 nén p = 3. Khi d6, phuong trinh
(1) ¢ thé viét lai thanh a® + y* =2a+4.

Hay (a-1)"+y? =5 (2)

Vi (a-1)" > 0nén tir phwong trinh trén, ta suy ra y? <5 . Doy la s& nguyén duong
nén ta cé y {1,2}. Bdng phép thix truc ti€p, ta tim dwoc cac cip s6 nguyén duong
(a, y) théa man phwong trinh (2) 1a (3,1) va (2,2). Tt d6 suy ra, c6 hai bd (x, y, p)
thoa man yéu cau dé baila (9, 1, 3) va (6, 2, 3).



Gido vién: Truong Ba Minh THCS Thach Ban — SPT: 0349620543



