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TONG HOP CAC CAU VE QUAN HE CHIA HET SO NGUYEN TO,
SO CHINH PHUONG TRONG DE THI HSG TP HA NOI
1. Dé thi HSG 16p 9 TP Ha N6i nam 2019-2020
a) Chung minh rang véi moi s8 tw nhién 7 thi #° +3n +11khong chia hét cho 49.
b) Tim tat ca cac bd ba s6 nguyén duong (x, y, p) véip la s6 nguyén td thdéa man
x>+ p’y’ =6(x+2p).
2. Dé thi HSG 16p 9 TP Ha Ngi nim 2018-2019

a) Biét a;bla cac s6 nguyén duong thdéa man a’ —ab+b’ chia hét cho 9, chtiing minh
rang ca @ vab déu chia hét cho 3.

b) Tim tat ca céc s8 nguyén duong 7 sao cho 9" +11 1a tich ctia k (k€[ ,k>2) s6 tu
nhién lién tip.

3. bé thi HSG 16p 9 TP Ha Noi nam 2017-2018

Chting minh rang khong ton tai cac s6 dwong m, 1, p véi p nguyén to théa man:

2019 2019 2018
m> 4+n" =p

4. Dé thi HSG 16p 9 TP Ha Ngi nam 2016-2017
a) Chitng minh rang n° + 5n° - 6n chia hét cho 30 véi moi s6 nguyén duwong n.
b) Tim tat ca cac sd nguyén duong (X; Y) sao cho x* +8y va y* +8x déu lasd
chinh
5. Dé thi HSG 16p 9 TP Ha Ngi nam 2015-2016
a) Cho cac nguyén a, b, ¢, d théa man diéu kién a’ +b’ = 2(C3 - 8d3) )
Chting minh rang a+ b + ¢ + d chia hét cho 3.
b) Tim tat ca cac sO nguyén t0 x sao cho 2* + x? la s6 nguyén to.
6. Dé thi HSG 16p 9 TP Ha Ngi nim 2014-2015

Cho n nguyén duwong. Chttng minh rang 4 =2*"*' +2*"' +11a hop s6

7. Dé thi HSG 16p 9 TP Ha N6i nam 2013-2014

Tim s8 tw nhién 1 && 25"+ _121a s6 nguyén t&

8. Dé thi HSG 16p 9 TP Ha Noi ndm 2011-2012

Cho biéu thitc 4=|a™" +b™" + 02012) —( a™ +b™ + ™| véiab,cla cic s6 nguyén
duwong. Ching minh A chia hét cho 30.

9. Dé thi HSG 16p 9 TP Ha Noi nim 2010-2011

Tim 7 s8 nguyén duong sao cho tich cic binh phuong ctia chting bang 2 lan téng cac

binh phuong cua chung.
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DAP AN:

1. D& thi HSG 16p 9 TP Ha Néi nim 2019-2020

a) Chttng minh rang v&i moi s8 tw nhién 7 thi #® + 3n +11khong chia hét cho 49.

b) Tim tat ca cac bd ba s6 nguyén duong (x, y, p) vdip la s6 nguyén td thda man
x*+p'y’ :6(x+2p).

Loi giai

Cau 2.

a) Gia str ton tai sd tir nhién n sao cho n” +3n +11 chia hét cho 49. Khi d¢, ta ¢

4(n* +3n+11) =(2n+3)" +35 chia hét cho 49
Ma 35 va 49 cling chia hét cho 7 nén (2 +3)” chia hét cho 7. Suy ra 2n + 3 chia

hét cho 7. Tt d6 (2n+3) * chia hét cho 49. Két hop véi (1) ta dwgc 35 chia hét
cho 49, mau thuan. Vay, véi moi s8 tu nhién n thi n* +3n +11khong chia hét
cho 49.

b) Do 6(x + 2p) chia hét cho 3 nén tir phuong trinh da cho ta suy ra x* + p’y* chia
hét cho 3. Mit khac, ta c6 dé y rang, véi moi s6 nguyén a thi a® chia cho 3 due 0
hodc 1. Do d6, d& x* + p’y* chia hét cho 3 thi ta phai c6 x*va p’y’cung chia
hét cho 3. Suy ra x va py cung chia hét cho 3.

Dat x = 3a vé1 a nguyén duong. Phuong trinh da cho co6 thé dugc viét lai thanh
9a° + p*y* =18a+12p (1)
Do 9a°,p’y” va 18a chia hét cho 9 nén tir phuong trinh trén, ta suy ra 12p chia
hét cho 9, tirc 12 p chia hét cho 3. Ma p 1a s6 nguyén t6 nén p = 3. Khi do,
phuong trinh (1) c6 thé viét lai thanh @* + y* = 2a +4.
Hay (a-1) ey =5 (2
Vi (a—1)" > 0nén tir phwong trinh trén, ta suy ra > <5 . Doy 14 s6 nguyén
duong nén ta c6 ¥ €{1,2} . Bang phép thu tryc tiép, ta tim duoc cac cip sb
nguyén duong (a, y) thdéa man phuong trinh (2) 1a (3,1) va (2,2). Tur do suy ra,
c6 hai b0 (x, y, p) théa man yéu cau dé bai la (9, 1, 3) va (6, 2, 3).
2. bé thi HSG 16p 9 TP Ha Ngi nam 2018-2019
a) Biét a;b1a céc s6 nguyén duong thoa man a’® —ab +b’ chia hét cho 9, chiing minh
rang ca @ vab déu chia hét cho 3.
b) Tim t4t ca céc s8 nguyén dwong 7 sao cho 9" +11 la tich ctia k (k€U ,k22) 58 tu
nhién lién tié€p.
Loi giai

a) Ta co: (a2 +ab+b2)f9 :>4(az+ab+b2 :9
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=|(2a-5)"+30" |i9

Ma 35°:3nén (2a—b)* 13 ma 3 la s8 nguyén t6 nén (2a—b)3,
(2a-b)i3 nén (2a-b)"19.

Tw (1) va (2) = 35719 = b*!3 ma 314 s8 nguyén t8 = b:3.
(2a—5):3 va b:3 = 243 ma (2:3) =1 nén a'3.

Vay ca @ vab déu chia hét cho 3.

b) Ta cd tich cua tir ba s tw nhién lién ti€p tro 1én thi chia hét cho 3.

Theo dé bai 9" +11 la tich k s8 ty nhién lién ti€p ma 9" +11khong chia hét cho 3 nén
k=2.

Pt 9" +11=a(a+1) véi ala s6 nguyén duong.
9"+1l=a(a+1) < 4.9" +45=4a> +4a+1
o(2a+1) —(2.3") =45 = (2a+1-2.3")(2a+1+2.3") = 45.

Vi &7 nguyén duong va 2a+1+2.3" 29 nén xay ra cac treong hop sau:

2a+1-23"=9 (1)

Trwd h 1.
ruong hop {2a+1+2.3”=5 2)

Te(l) va (2) tacd 4a+2=14 ©a=3=9"+11=12 9" =1 < n=0 (Loai).

2a+1-2.3"=15 (3)

Trudng hop 2.
rHong op {2a+1+2.3”=3 (4)

Tt (3) va (4) tacé 4a+2=18 > a=4=9"+11=20 < 9" =9 < n=1 (Thoa man).

2a+1-23"=45 (5

True h 3.
ruong hop {2a+1+2.3"=1 6)

Te (5) va(6) tacd 4a+2=46 a=11=9"+11=132 9" =121 ©ned.

Vay n=1.
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3. Dé thi HSG 16p 9 TP Ha Ngi nam 2017-2018
Chting minh rang khong ton tai cac s8 duwong m, n, p véi p nguyén t6 thoa man:

2019 2019 2018
m>"+n" =p

Loi giai
a) Gia sirbd s8 (m, n, p) thoa mai yéu cau. D& thdy 0 <m, n < p.
Phuong trinh da cho ¢6 thé dwoc viét lai thanh (m+n) 4=p™* (1]

2018 _ 2017 2017 )2 2017 2018

trong d6 A=m m> 'n+m> 'nT—..—mn~ ' +n

Néu A khong chia hét cho p thittr (1), tacé A=1va

2018 2019

m+n=p"=m*" +n*".

Ttr 46, dé thady m =n =1 va p**® = 2, mau thuan. Vay A chia hét cho

Do m +n>1nén tk (1) suy ra m +n chia hét cho p. Khi d¢, ta co:

A=2019m™" (mod p).

Do A chia hét cho p va 0 <m < p nén tir két qua trén, ta suy ra 2019 chia hét
cho p, hay p =2019. Tir d6, dé thdy m va n khdc tinh chén 1¢, hay m # n.

Bay gio, ta viét lai phwong trinh da cho duéi dang;:

(m3)673 +(n3)673 —2019™" hay (m+n)(m2 —mn+nz)B:2019zo18
Trong dé B=(m3)672 —(m3)671(n3) -|—...—(m3)(n3)671 +(n3)672.

Dom#nnénm’-mn+n°= (m-n)*+mn>1, tir d6 ta cd m* — mn + n’ chia
hét cho 2019. Tuy nhién, diéu nay khong thé xay ra do

m* —mn+n®=3n’>  (mod2019)
=0/ (mod2019).
Vay khong ton tai cac s0 m, n, p thoa man yéu cau caa dé bai.
4. Dé thi HSG 16p 9 TP Ha Ngi nim 2016-2017
a) Chttng minh rang n’ + 5n° - 6n chia hét cho 30 véi moi s8 nguyén duong n.
b) Tim t4t ca cac s& nguyén duong (% y| sao cho X* +8y va y* +8x déu la s§
chinh phuwong
Loi giai
Bai 1 (5.0 di€m).

a) Chiing minh rang n® + 5n° - 6n chia hét cho 30 v6i moi s6 nguyén dwong n.
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* Phén tich. Ddt A =n® +5n® —6n va dé'y la 30=2.3.5(2, 3, 5 nguyén to ciing nhau theo
tirng doi mgt) do do ta phin tich A sao cho A chia hét cho 2, 3, 5.
* Loi giai. Bat A = n® + 5n° — 6n khi d6 ta cé
A=n+50°—6n=n(n-1(n+1)(n*+6] =n(n-1{n+1](n*- 4+ 10|

= n(n—l)(n+1)(n2—4) +10n(n-1){n+1]

=(n-2)(n-1n[n+1(n+2)+10[n-1)n[n+1]
Do (n=2J(n-1n[n+1){n+2) Ia tich ctia ndm s& tw nhién lién ti€p nén tich nay chia
hét cho ca 2, 3, 5. Ma 2, 3, 5 nguyén t6 cung nhau theo tttng d6i 1 nén
(n=2(n-1n[n+1{n+2| chiahét cho 30. Mt khac ta lai c6 (N—1/n[n+1] chia hét
cho 2, 3 nén chia hét cho 6. Do &6 10( n- 1) n( n+ 1) chia hét cho 30. Vay A chia hét
cho 30 hay n’® + 5n° — 6n chia hét cho 30.

b) Tim tAt ca cac s6 nguyén duong (XY sao cho X? + 8y va y? + 8x déu 1a s chinh

phuong.

* Phan tich. Dé thdy vai tro cia hai bién x va y trong bai todn nhw nhau nén ta cé thé gid

? . 7 7 A AL A A 2 A? 7
stk X2Y, khi d6 ta c6 thdy dwgc moi lién hé¢ X* + 8y < x>+ 8x < X° +8x+16=(x+4) .Déy
lo X* <X’ +8y. N vy ta duge X* < x*+8y <(x+ 4)2. Do X*+8y la so chinh phwong
nén ta co thé'suy ra dwoc

2 2 2
x? +8y=(x+1) ,(x+2) ,(x+3)
Dén ddy ta xét cdc trwong hop dé’ tim (X: Y) théa man.
* Loi giai. Khong mat tinh tong quat ta ¢d thé gia st X 2 Y. Khi d6 ta co
x> <X +8y<x’+8x< x2+8x+16=(x+4)2

Ma x* + 8y 1a sd chinh phuong nén ta cé thé suy ra dugc x? + 8y nhan mot trong cac
gia tri
2 2 2
(x+1) ;(x+2) ;(x+3)
+ Truong hop 1. Khi x? +8y=(x+1)2 ta duoc X +8y =x*+2Xx+ 1< 8y =2x+1,
trieong hop nay khong xay ra do 8Y 1a s6 chdn va 2x+11a sd 1é.
+ Trreong hop 2. Khi x2+8y:(x+2)2 taduoc X’ +8y =X’ +4x+4 < x=2y-1.

Do Y? + 8x 1a 58 chinh phwong nén suy ra y* + 16y — 8 1a s§ chinh phuwong.

Khi ¥ =1 ta dwgc x =1 va cip sd (X: Y) = (1: 1) théa man yéu cau bai toan.

Xét Y22, khido taco v +16y-8=[y+3 +(10y-17] > (y+ 3
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Dong thoi ta cling c6 y° +16y—8:(y+ 6)2 -72< (y+8)2.
Do d6 suy ra (y+ 3)2 <y’ +16y-8< (y+ 8)2. Ma y? + 16y — 8 1a s8 chinh phuong,.

Suy ra Y° + 16y - 8¢

v+ 4y 55y +85(y+ 7).

Giai truc tiép cac truong hop ta duoc cac cap s6 (Xi Y) = (5; 3) ( 2], 11) thdéa man yéu
cau bai toan.

+ Trudong hop 3. Khi x2+8y:(x+ 3)2 ta duoc X* +8y=x*+6x+9< 8y =6x+9,
trieong hop nay khong xay ra do 8Y 1a s6 chan va 6x+9 la sd 1é.

Vay céc cdp so (X; Y) théa man yéu cau bai toan la

(xy] =(1,(35),(53),(1%:21),(25:11)

* Nhdn xét. D& tim y théa man y* + 16y — 8 la 56’ chinh phwrong ta c6 thé’ xir ly theo cdch
khdc
Pt ¥° +16y-8=Kk*(keN|. Khi dé ta cé
Y +16y-8=K o (y+8 =+ 2o (y+8-K/[y+8+k| =72
D&y rang Y+8+k>y+8-k>00s y+8+Ky+8-K cung tinh chin Ié.

Lai co 72=2.36=4.18 = 6.12 . pé&n day ta xét cac trvong hop x4y ra dé tim y theo ban sau

y+8-k 2 4 6
y+8+k 36 18 12
k 17 7 3
y 11 3 1

Dén day ta cé két quad twong tw nhw trén.
5. Pe thi HSG 16p 9 TP Ha N6i nam 2015-2016
a) Cho cdc nguyén a, b, ¢, d thoa man diéu kién a’+b’ = 2(C3 - 8d3) )
Chting minh rang a+ b + ¢ + d chia hét cho 3.
b) Tim tat ca cac s6 nguyeén td x sao cho 2* + x? 1a s6 nguyén td.
Loi giai
Cau 1. (5.0 diém).

a) Cho cdc nguyén a, b, ¢, d théa man a’+b’ = 2( c - 8d3) . Chting minh rang

a+b+c+d chia hét cho 3.

* Phan tich. Dé chitng minh dwoc a+b+c+d chia hét cho 3 thi ta ciin tao ra tong trong

do6 c6 chiva biéu thirc a+b+c+d va tdng do chia hét cho 3. Dé'y dén gid thiét
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& +b* = 2(C ~ 8P|, ta nght déh biéh doi d¢ lam xudt hién (a+b|” +(c+d)’. Do d6 ta &
thém bt mot Lirgng thich hop cho gid thiét ciia bai todn. Ta c6
8’ + b’ + 3ab(a+ b) +(C + o] + 3cd( c+ d] = 3ab(a + b| + 3ad(c+ d] + 3¢ - 15d°
o (a+b]” +(c+d)’ =3ab(a+b| + 3d|c+d) + 3 - 158
Dé thay 3ab(a+b|+3cd(c+d|+3c-15d" chia hét cho 3 nén ta duwoc
(a+b)”+(c+d|” chia hét cho 3. Déin ddy ta thiyy néu viét (a+b) +(c+d’ vé dang
|a+b+c+d).A thi ta chiea thé khing dinh dwgc a+b+c+d chia hét cho 3. Do d6 ta sé
viét biéi thirc (a+b)” +(c+d|” vé dang lity thira bjc ba ciia a+b+c+d. Ta o
(a+b)3+(c+d)3=(a+b+c+d)3—3(a+ b|(c+d|(a+b+c+d
Déh ddy ta c6 duoc didu cin chitng minh,
* Loi giai. Ttr gia thiet @+ b’ =2 - 8F) ta c6
8’ + b’ +3ab(a+b) +(C + d| + 3cd( c+ d] = 3ab(a+ b| + 3ad(c+ d] + 3> - 15d°
o (a+b)’+(c+d)’ = 3ab(a+b| +3cd(c+d] + 3 - 158°
D& thy 3ab[a-+b)+ 3cd(c+d] +3¢ - 150" chia hét cho 3 nén ta duoc (a+b|” +(c+d)’

chia hét cho 3.
Métkhéctalaicé(a+b)3+(c+d)3=(a+b+c+d)3—3(a+b)(c+d)(a+b+c+d)

Ma 3(a+b|(c+d|(a+b+c+d| chia hét cho 3 nén suy ra (a+b+c+ d)3 chia hét cho 3.
Do vay a+b+c+d chia hét cho 3.

* Nhdn xét. Ban chdt bai todn trén chinh la bai todn co ban: Néu x> +y° chia hét cho 3 thi

X+Y chia hét cho 3.

b) Tim tat ca cac s6 nguyeén td x sao cho 2* + x? la sO nguyeén to.

* Phan tich. Dé thiy x =2 khong théa man yéu ciu bai todn con X = 3 théa min yéu ciu
bai todn. Ta cin chitng minh rang khi X > 3 thi khong ton tai s6' nguyén to'théa man. Chii
rang khi x> 3 thi x la s6 nguyén 6’16 ta ludn cé x* chia 3 c6 s6'dw la 1. Ngoai ra khi so’
nguyén to' x> 3 thi 2* chia 3 ludn dw 2. Diéu nay din dén 2* + x2 ludn chia hét cho 3, do dé
khi X >3 thi 2* + x* ludn la hop so.

* Loi giai. Ta xét cac truong hop sau

+Khi x=2 ta duoc 2* + x* = 2> + 2° = 8 khong phai 1a s6 nguyén to.
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+Khi x = 3 ta dugc 2 + x> =2° + 3 = 17 la s6 nguyén to.
+Khi x > 3 thi x 14 s0 nguyén t0 1é. Khi d6 x? chia 3 ¢4 s6 dw la 1.

Ngoai ra do x 1a s nguyén t& 1é nén ta dit X = 2K+ 1( ke N*) :
Tir d6 tacd 2 = 21 =24 =2(3+ 1 chia3 c6 s8 du la 2.

Nhu vay 2* + x? ludn chia hét cho 3. Do d6 2* + x? ludn 1a hop s6 khi x > 3.
Vay x = 3 1a gia tri thoa man yéu cau bai toan.
* Nhdn xét. Vi bai todn so hoc dang nay ta thuong thir v6i mt s6 nguyén to'nhé X =23,
V6i cdc so' nguyén t0'16n hon ta chitng minh khong thoa man.
6. Dé thi HSG 16p 9 TP Ha Noi nim 2014-2015
Cho n nguyén duwong. Chttng minh rang 4 =2**' +2*~' +11a hop s6
Loi giai
Ta co:
24=2""?42"+2=58"+2
Do8=1{mod 7] =8"=1({mod7) = 4=5+2=0(mod 7) = 4:7
Mt khac ta chtiing minh dugc A >0 nén A la hop s6.
7. Dé thi HSG 16p 9 TP Ha Noi nam 2013-2014
Tim s8 tu nhién n &€ 25731 _121a s& nguyeén to
Loi giai
Tacé 2n° —6n+2=2[n(n-3)+1]
Vin(n - 3) chdnnénn(n - 3) +1=2k +1 v6i ke NU{-1}.
Suy ra 52702 _12 =25%* 1113113
Vi vay g2’=6n2 19 nguyén td hay 52 =6mt2 19 13
nén nn-3)+1=1,suyran=0hodcn=3.
8. Dé thi HSG 16p 9 TP Ha N6i nam 2011-2012
Cho biéu thiec 4= ( a®? +b*" + 6'2012) —( a™ +b™ + ™) véi ab,cla cac s6 nguyén
duong. Chitng minh A chia hét cho 30.
Loi giai
1) Ta cé:
n’ —n =n(n2 +1)(n—1)(n+1) :n(n2 —4+5)(n—1)(n+1)
:(n—Z)(n—l) n(n+1)(n+2) +5n(n—1)(n+l).
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Do ne N nén(n5 —n) :30. T dé suyra 4= a2017(a5 —a) +b* (b5 —b) +c* (c5 —c) :30.

9. Dé thi HSG 16p 9 TP Ha Noi nam 2010-2011
Loi giai
Tim 7 s8 nguyén duong sao cho tich cic binh phuong ctia chting bang 2 lan téng cac
binh phuong cua chung.
* Goi 7 s0 nguyén duong phai tim 1a xi, x,, ..., X7;
X7 X5 X0 =2(X] + X3 +..X2)
X7 X5 X2 X7 i X
*Gia st Xi= x> ...2x21 cd 12t 1< 2. 7701 =147
2 2
— X2 ...X7 S 14
* Xa. .. X< <4=22:> Xo= ...= X7=1
2 2 2 2
XX _2(X) X5 +5)
2 2
*Dit X1=a, *2=b v6i a, b 1a céc s8 nguyén duwong chinh phuong
ab=2a+2b+10< (a-2)(b — 2)=14.1=7.2
a-2=14

b-2=2

N a—-2=7 a=9 X, =3 el
*T \ 2: : : \ A’t A
reong hop b_2-2 b4 X, zzva et luan

* Truong hop 1: { = b =3 khong phai 14 s6 chinh phuong



